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Mathematical Induction and Induction in Mathematics

However much we many disparage deduction, it
cannot be denied that the laws established by induction
are not enough.

Frege (1884/1974, p. 23)

At the yearly proseminar for first-year graduate students at Northwestern, we presented some
evidence that reasoning draws on separate cognitive systems for assessing deductive versus inductive
arguments (Rips, 2001a, 2001b). In the experiment we described, separate groups of participants
evaluated the same set of arguments for deductive validity or inductive strength. For example, one of the
validity groups decided whether the conclusions of these arguments necessarily followed from the
premises, while one of the strength groups decided how plausible the premises made the conclusions.
The results of the study showed that the percentages of “yes’ responses (“yes’ the argument is
deductively valid or “yes’ the argument isinductively strong) were differently ordered for the validity
and the strength judgments. In some cases, for example, the validity groups judged Argument A to be
valid more often than Argument B, but the strength groups judged B inductively strong more often than
A. Reversals of this sort suggest that people do not just see arguments as ranging along asingle
continuum of convincingness or probability but instead employ different methods when engaged in
deductive versus inductive reasoning.

Earlier imaging evidence by Goel, Gold, Kapur, and Houle (1997) and by Osherson et al. (1998)
had implicated separate brain regions when participants evaluated arguments for validity versus

plausibility, and these earlier data had inspired our own experiment. All these results cast doubt on the
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view that there’ s a homogeneous “analytic” reasoning system responsible for correctly solving deductive
and probabilistic problems.

But an incident that followed the prosem alerted us that not everyone was buying into the our
reasoning distinctions. A faculty colleague who had attended the prosem stopped us later and questioned
whether deduction and induction were as distinct as we had claimed. Wasn't mathematical induction a
counterexampl e to the separation between these two forms of reasoning? Mathematical induction is
essential in many deductive proofs in mathematics, as any high school or college student knows. So how
could induction and deduction be isolated subsystems if mathematicians freely used one to support the
other?

At the time, we thought we had a perfectly good answer to our colleague’ s question.
Mathematical induction isreally nothing like empirical induction but is instead a deductive technique,
sanctioned by the definition of the natural numbers (and certain other number systems). It’strue that
both types of “induction” often attempt to establish the truth of a generalization (All cyclic groupsare
Abelian; All freshwater turtles hibernate). So there is aloose analogy between them that might suggest
labeling both “induction.” But thisis really no more than a case of ambiguity or polysemy.
Mathematical induction in its usual form requires showing that the generalization holds of a base case
(e.g., that the generalization is true for 0) and then showing that if the generalization istrue for an
arbitrary number k, it isalso truefor k + 1. Hence, by strict deductive reasoning, the generalization must
be true for all natural numbers (0, 1, 2, ...). The conclusion of such a proof shareswith all deductively
valid conclusions the property that it is necessarily true or true in all possible worlds in which the givens
aretrue.

A typical high school example of mathematical induction isthe proof that the sum of the first n

natural numbersis®n (n+ 1). Certainly thisrelationship holds when n=0. If we assume that the
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relationship holds for the first k natural numbers (i.e., the sum of 0 through kis¥z k (k + 1)), then the sum

of thefirst k + 1 numbers must be:
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Thelast expression is also of theform%2n (n + 1). So this sumformula necessarily holds for all natural
numbers.

By contrast, empirical induction leads to conclusions that are not necessarily true but only
probably true, even when these conclusions involve mathematical relationships. For example, we might
hope to establish inductively that people forget memories at arate equal toy = b - mIn(t), wheret istime
since the remembered event and mand b are constants. To support such a conclusion, we might examine
forgetting rates for many people and many event types and show that forgetting follows the proposed
function in a convincing range of cases (Rubin & Wenzel, 1996). Even if the function fit the data
perfectly, though, no one would suppose that the evidence established the conclusion as necessarily true.
It’s not difficult to imagine changes in our mental make up or changesin the nature of our everyday
experience that would cause usto forget events according to some other functional form. The best we
can hope for is a generalization that holds for people who are similar to usin causally important ways
(see Heit’ s chapter in this volume for an overview of empirical induction).

We were able to convince our colleague that this line of thinking was correct. Or perhaps he was
just too polite to press the point. In fact, we still believe that this standard answer isn't too far off the
mark. But we also think that we dismissed our colleague’ s objection too quickly. One worry might be

that the theoretical distinction between math induction and empirical induction is not as clear aswe
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claimed. And, second, even if the theoretical difference were secure, it wouldn’t follow that the
psychological counterparts of these operations are distinct. In this chapter we try to give a better answer
to the objection by examining ways that induction could play arole in mathematics. In doing so, we
won't be presenting further empirical evidence for a dissociation between inductive and deductive
reasoning. We will be assuming that the previous evidence we' ve cited is enough to show a difference
between them in clear cases. Our hope isto demonstrate that potentially unclear cases—ones in which
people reach generalizations—don’t compromise the distinction (see Oaksford & Hahn, this volume, for
amore skeptical view of the deduction/induction difference).

We consider first the relationship between math induction and empirical induction to see how
deep the similarity goes. Although there are points of resemblance, we argue that there are crucial
psychological differences between them. Thisisn’t the end of the story, however. There are other
methods of reaching general conclusionsin math besides math induction, and it is possible that one of
them provides the sort of counterexample that our colleague was seeking. One such method involves
reasoning from an arbitrary case—what is called universal generalization in logic. Several experiments
suggest that people sometimes apply this method incorrectly, and we examine these mistakes for
evidence of a continuum between inductive and deductive methods. We claim, however, that although
the mistakes show that people use inductive procedures when they should be sticking to deductive ones,
they provide no evidence against a qualitative deduction/induction split.

Of course, we won't be claiming that there’ s no role for induction in mathematics. Both students
and professional mathematicians use heuristics to discover conjectures and methods that may be helpful
in solving problems (see Polya, 1954, for a classic statement on the uses of induction in mathematics).
Our claim is simply that these inductive methods can be distinguished from deductive proof, a point on

which Polya himself agreed: “There are two kinds of reasoning, aswe said: demonstrative reasoning
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and plausible reasoning. Let me observe that they do not contradict each other; on the contrary they

complete each other” (Polya, 1954, p. vi).

Mathematical Induction and Universal Generalization

In their The Foundations of Mathematics, Stewart and Tall (1977) provide an example of a proof
by induction similar to the one we just gave of the sum formula. They then comment:

Many people regard thisasan ‘and so on...” sort of argument in which the truth

of the statement is established for n = 1; then, having established the general step from n

=kton=k+ 1, thisisapplied for k= 1 to get usfromn = 1to n = 2, then used again to

gofromn=2ton= 3, and so on, asfar aswewishto go... Theonly troubleisthat to

reach large values of n requires alarge number of applications of the general step, and

we can never actually cover all natural numbersin asingle proof of finite length.

(p. 145)

Thisremark echoes Russell (1919, p. 21) in asimilar context: “Itisthis‘and so on’ that we must replace
by something less vague and indefinite.”

Perhaps this feeling of “and so on...” iswhat was bothering our colleague. If there is no more to
aproof by induction than a sort of promissory note that we can keep going, then perhaps such a proof
isn’t much different from ordinary empirical induction. Just aswe can’t hope to enumerate all cases that
fall under an inductive generalization in science, we can’'t hope to cover all natural numbersto which a
mathematical generalization applies. Mathematical induction may only be able to give usaboost in
confidence that the generalization holdsin all cases, not an iron-clad proof.

Stewart and Tall (1977), however, offer a solution to show that mathematical inductionisa
rigorously deductive technique after all. “The way out of this dilemmaisto remove the ‘and so on...’

part from the proof and place it squarely in the actual definition of the natural numbers...” (p. 145).
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What followsin Stewart and Tall is an exposition of a variation on the Dedekind-Peano axioms for the
natural numbers, with the following induction axiom:

(IAX) If Sc NyissuchthatOe S;andne S= g(n) € Sfor al ne Ny, then S=N,,
where Sisaset, Ny are the natural numbers, and s(+) is the successor function (i.e., the function that
yieldsn + 1 for any natural number n). For example, in the sample proof we gave earlier, S corresponds
to the set of all natural numbers n such that the sum of 0 through nis%zn (n + 1), and the two parts of the
proof correspond to the two clausesin (IAx). Wefirst showed that Oisinthisset (0 € S) and then that if
nisinthesetsoisn+1(ne S= s(n) € S). The conclusion istherefore that the sum formulais true for
al natural numbers (S= Ng). Since (IAx) isan axiom, this conclusion now has akind of deductive

legiti macy.2

Worry Number 1: The Justification of (1AX)

Stewart and Tall areright that (I1Ax) speaks to one sort of doubt about math induction. “And so
on...” complaints about our proof of the sum formula could center around the fact that what’s been
demonstrated is a universal statement of the form: For all natural numbers n, if n satisfies the sum
formulaso doesn + 1. This generalization, together with the fact that O satisfies the formula, allows you
to conclude by a modus ponens inference that 1 satisfies the formula:

(Vn) Sum-formula(n) > Sum-formula(n + 1).

Sum-formula(0).

Sum-formula(l).

This conclusion in turn alows you to make another modus ponensinferenceto 2:
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(Vn) Sum-formula(n) > Sum-formula(n + 1).

Sum-formula(1).

Sum-formula(2).

And so on. Ingeneral, this modus ponens strategy requires k modus ponenses to conclude that k satisfies
the sum formula, and it will be impossible to reach the conclusion for all natural numbersin afinite
number of steps. (1AXx) sidesteps this worry by reaching the conclusion for all nin one step. However,
putting the “and so on...” idea“squarely in the actual definition of the natural numbers,” as Stewart and
Tall suggest, isn't avery comforting solution if this means hiding the “and so on...” pea under another
shell. What justifies such an axiom?

There are several waysto proceed. First, we could try to eliminate the “and so on...” doubt by
showing that (IAX) isinherently part of people’sthinking about the natural numbers and, in this sense, is
“sguarely in” their definition. According to thisidea, any kind of intuitive understanding of these
numbers already allows you to conclude in onego that if Oisin Sand if k+ 1isin Swhenever ks, then
al natural numbersarein S. Thisisclose to Poincaré' s (1902/1982) view. Although he acknowledged
that there is “astriking analogy with the usual procedures of [empirical] induction,” he believed that
mathematical induction “is the veritable type of the synthetic a priori judgment.” By contrast with
empirical induction, mathematical induction “imposesitself necessarily, because it is only the affirmation
of aproperty of the mind itself” (pp. 39-40). Thus, any attempt to found math induction on aformal
axiom like (IAx) can only replace an ideathat is already intuitively clear with one that is more obscure.
Goldfarb (1988) points out that the psychological nature of math induction wasirrelevant to the goals of
those like Frege, Hilbert, and Russell, who were the targets of Poincaré s critique (see Hallett, 1990, for
debate about these goals). But perhaps Poincaré s theory is sufficient to settle specifically psychological

doubts. Another possibility, one more consistent with Frege's (1884/1974) and Russell’s (1919)
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viewpoint, isthat (IAx) isthe result of aprinciple that appliesin a maximally domain-general way and is
thus a precondition of rationality. We'll look more closely at the source of this generality in just a
moment in examining Frege' s treatment of (1AX).

We favor aview in which math induction is inherent in the concept of the natural numbers—
whether thisis specific to the natural-number concept or is inherited from more general principles—and
this view preserves a crisp distinction between deductive and inductive reasoning. But can we really rule
out the possibility that the “and so on...” doubt is a symptom of atrue intermediate case? Maybe (IAX)
merely plasters over agap like that in ordinary induction—the “and so on...” gap that isleft over from the
modus ponens strategy.

One thing that seems clear isthat in actually applying math induction—for example, in our use of
it to prove the sum formula—the modus ponens strategy is never performed. In our original proof, for
instance, we didn’t (explicitly or implicitly) grind through the first few steps of the strategy (from O to 1
to 2...) before concluding that the sum formulaistrue for all n. So the way in which the modus ponens
strategy gives us reason to believe in math induction must be indirect. Perhaps by reflecting on the
modus ponens strategy, we somehow come to see that this strategy is unnecessary and that we can use the
short-cut math induction procedureinits place. But if thisistrue, it can’'t be the success of the modus
ponens strategy that convinces us, since this strategy is an infinite process that is never completed. We
don’t learn math induction from the modus ponens strategy in the usual generalizing or transferring sort
of way. Instead, it must be our realizing that the modus ponens strategy could potentially yield the right
result under some idealized conditions (e.g., infinite time and other resources) that persuades us that math
induction will work. If we push further and ask what’ s responsible for such arealization, however, the
answer seemsto lead right back to our understanding of the structure of the numbers themselves. At
best, the modus ponens strategy plays a mediating role in reminding us of a property of the natural

number system but provides no independent justification.
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Why is (IAX) inherent in the number concept? One way to see this comes from Frege' s
(1984/1974) treatment of math induction. (The modernized version that followsisfrom Quine, 1950,
chap. 47. A somewhat similar attempt appears in Dedekind, 1888/1963, especially Theorems 59 and 89.)
We can think of the natural numbers as a set that contains O and that contains all immediate successors of
each of its members. Such a set, however, could contain other objects besides numbers. It could also
contain, for example, Frege's hat, since Frege' s hat does not have a successor. What we need to define
the natural numbersisaminimality rule that says that the natural numbers are the smallest set containing
0 and containing all immediate successors of its members. Put slightly differently, the natural numbers
are the elements that belong to all such sets, including the set containing only 0 and the successors (of the
successors of ...) 0. Thisdefinition of the natural numbers appearsin (1):

(D) neNpe> (Vu) (0 u& (Vk) (ke uo 5(k) € u)) > ne u),
where Ny is the set of natural numbers and s(-) is the successor function, as before.

From this definition, mathematical induction follows, just as Stewart and Tall (1977) claimed.
For suppose Sis aset that fulfills the two conditions on (1AXx), asin (2):

(2 0e S& (VK) (ke Sosk) € 9).

If nisanatural number, (3) then follows from the definition in (1):

(3) (Vu) ((Oe u& (Vk) (ke uo sk) € u)) one u),
and in particular (i.e., by instantiating u to S):

(49 Oe S& (VK) (ke Soskle §)one S
It then follows by modus ponens from (2) and (4) that ne S. Hence, every natural number is an element
of S.

Frege' s method helps to bring out what’ simportant about (1Ax) as a part of the natural-number
concept. In using (IAX) to prove atheorem, as we did with the sum formula, we take an “insider’ s view”

of the number system in which its familiar properties are already in place. For these purposes, (IAX) is
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the usual tool we pick up in high school algebra. But to see therole that (IAx) playsin the definition of
the natural numbers—the reason that it appears among the Dedekind-Peano axioms—we need to adopt
an “outsider’ sview.” From this perspective, (IAx) isakind of closure principle. It says, in effect, that
nothing can be a natural number that isn’'t either O or a successor of (a successor of...) 0. Thisisthe
importance of the minimality constraint we' ve just looked at. For these purposes, we could substitute for
(IAXx) other rules that have equivalent effects, given the rest of the axioms— rules that may seem less
artificial and less similar to empirical induction. An example isthe Least-Number Principle (see Kaye,
1991) that we can spell out in away that can be compared to (I1AX):

(LNP) If Sc Npand ne S, thenthereisanme Ssuch that for all k<m, k¢ S.
In other words, if Sisanonempty set of the natural numbers, there’s a smallest number in S. For other

number systems, other types of math induction may be required (see, e.g., Knuth, 1974).

Worry Number 2: The Justification of (UG)

But there could be another hang up about proofs like the example we gave for the sum formula.
As part of the proof of thisformula, we showed that for any particular k, if k satisfies the sum formula
then so doesk + 1. The second sort of doubt is whether thisis enough to prove that the same is true for
all natural numbers. Clearly, (IAX) is completely powerless to quell this second kind of doubt. The
axiom requires usto show that n e Sentailss(n) € Sfor all natural numbers n, and thisis precisely
where the second sort of doubt arises.

Thiskind of doubt surfacesin some psychological treatments of math induction. For example, in
one of the very few empirical studies on thistopic, Smith (2002, p. 6) cites adefinition similar to (IAX)
and then goes on to remark, “The definition secures a generalization (universalization). Thereferencein
the premisesisto a property true of any (some particular) number. But the reference in the conclusionis

to any number whatsoever, any number at all. Note that the term any is ambiguous here since it covers
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an inference from some-to-all.” The word any does not, in fact, appear in the definition that Smith cites.
Therelevant clauseis”...and if it is established that [the property] istrue of n + 1 provided it istrue of n,
it will be true of al whole numbers.” But what Smith seems to mean is that the proof is a demonstration
for some particular case, k and k + 1, whereas the conclusion is that the property is true for all natural
numbersn. Similarly, in discussing earlier work by Inhelder and Piaget, Smith states:

[mathematical induction] runs from what is shown to be true of a specified number n

(n"importe quel nombre) and what in that caseis aso shown to be true of its successor

(n+ 1) to aconclusion about any humber whatsoever (nombre quelconque). It isjust

such an inference which is at issue in mathematical induction and it was Inhelder and

Piaget’ s (1963) contention that their evidence showed that children were capable of this

type of reasoning... (p. 23)

The inference that Smith is pointing to, however, isnot afeature of math induction per se but of
the universal generalization that feedsit. Universal generalization, roughly speaking, is the principle that
if a predicate can be proved true for an arbitrary member of adomain, it must be true for all members. A
formal statement of this rule can be found in most textbooks on predicate logic. We have adapted
dlightly the following definition from Lemmon (1965):

(UG) Let P(e) be awell-formed formula containing the arbitrary name e, and x be a

variable not occurring in P(e); let P(x) be the propositional function in x which results

from replacing all and only occurrences of ein P(e) by x. Then, given P(e), UG permits

us to draw the conclusion (Vx)P(x), provided that e occurs in no assumption on which

P(e) rests.

For example, when we proved that the sum formula holds for k + 1 if it holds for k, we used no special
properties of k except for those common to all natural numbers. In this sense, k functioned as an arbitrary

name. Hence (by universal generalization), for all natural numbers n, the sum formula holds of n + 1 if it
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holdsfor n. This generalization is needed to satisfy the second condition of (IAXx), but it is also needed to
supply the major premises for the modus ponens strategy and, of course, for much other mathematical
reasoning. The confusion between (IAx) and (UG) is an understandable one. We could rephrase (IAX)

in away that refersto an arbitrary case: If Sisasubset of the natural numbers, if 0 isan element of S,
and if whenever an arbitrary natural number kisin Ssoisk + 1, then Sincludes all natural numbers.
Thisrephrasing isvalid, but it combines (IAx) and (UG) in away that obscures their separate
contributions.

(UG), like (1AX), may seem to lend deductive legitimacy to what looks at first like empirical
induction. Unlike the case of (1Ax), though, there’s not much temptation to see this rule as sanctioning a
kind of induction-by-enumeration. Informal use of mathematical induction seemed to fall short because
it required an infinite number of modus ponens inferences, and (1Ax) was introduced to avoid this. But
the informal use of universal generalization in mathematics doesn’t have the same kind of “and so on...”
gap. Once we' ve shown that P istrue for an arbitrary element e, we needn’t apply thisresult to get P(0),
P(1), P(2), and so on. In general, informal universal generalization (e.g., in the proof of the sum formula)
doesn’t raise the same kind of sophisticated issues about the nature of proof that informal use of math
induction does (although it does take some sophistication to formulate (UG) correctly for alogic system,
as the definition from Lemmon, 1965, suggests).

Instead, the worry about (UG) stems from its similarity to an inductive heuristic in which you
generalize from a specific number. (Kahneman & Tversky’s, 1972, representativeness heuristicis a
related example in the context of probability estimation.) In the case of the sum formula, for instance,

it's clearly not mathematically kosher to proceed like this:
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Let’s pick an arbitrary number, say, 7.

Simple calculationsshow that 0+1+2+3+4+5+6+7=28and ¥2*7*(7 + 1) = 28.

Hence, Yi=%n(n+1).

An example of this sort may increase your confidence that the sum formulaistrue, but it doesn’t produce
adeductively valid proof. However, there’ s an intuitive kinship between this pseudo-proof and the
earlier correct proof of the sum formula. The phrase arbitrary number captures this kinship, sinceit can
mean either a specific number that we select in some haphazard way or it can mean a placeholder that
could potentially take any number as avalue. Sliding between these two meanings yields an inductive,
example-based argument, on one hand, and a deductively valid (UG)-based proof, on the other. For the
sum formula, it’ s the difference between the argument from seven that we just gave and the correct
argument with k.

(UG) is pervasive in mathematics, in part because most algebraic manipulations depend on it.
Variableslike k turn up everywhere, not just in the context of mathematical induction. Thus, confusion
about the nature of variablesis apt to have wide-spread consequences and blur the distinction between
inductive arguments and deductive proof. We consider the empirical evidence for this confusion in the
next section, including actual pseudo-proofs from students that are quite similar to our argument from
seven. We then return to the issue of whether this evidence shows that the difference between deduction

and induction in math is merely one of degree.

Induction in Mathematics
In Smith’s (2002) study of children’s arithmetic, the key question to participants was: “If you
add any number at all [of toys] to one pot and the same number to the other, would there be the same in
each, or would there be more in one than in the other?” A correct answer to this question seemsto

depend on the children realizing that for all numbers x and quantitiesmand n, x + m=x+ nif and only if
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m = n. Inthe experiment, mand n are the initial quantities of toysin the pots (m=n =0 in one condition
of the study, and m=1 and n = 0 in another). It is certainly possible to prove this principle using (I1AXx),
but it isfar from clear that this is the way children were approaching the problem. Reasoning along the
lines of (UG) would mean going from “for arbitrary k, (m+ k=n + k) if and only if (m=n)” to the above
conclusion for all x. But again it is unclear that thisis how children went about answering this question.
Among the children’ s justifications that Smith quotes on this problem, the only one that directly suggests
(UG) is“I’m putting like a number in the orange pot and a number in the green pot, and it’s got to be the
same.”

Thereis plenty of reason, however, to suspect that children in this experiment were using
specific examples to justify their decisions. Some simply cited a specific number, for example, “If you
added amillion in there, there would be amillion, and if you added a million in there, there would be a
million,” or “it would be just amillion and six in there and amillion and six in there.” Othersgave a
more compl ete justification but also based on a specific number of items: “If we started putting O in there
and 1 in there, and then adding 5 and 5, and so it wouldn’t be the same—thiswould be 5 and 6.” Instead
of the (UG) strategy of thinking about an arbitrary addition, these children seem to generalize directly
from a particular number, such as 5 or 1,000,006, to al numbers. The numbers may be selected
arbitrarily but they aren’t capable of denoting any natural number in the way (UG) requires. Itis
possible, of course, that these children were using a correct general strategy and simply citing specific
casesto aid in their explanations, but the experiments we are about to review suggest than even college
students evaluate “ proof by specific examples’ as a valid method.

Variations on this kind of instance-based strategy are probably common in mathematics. One
traditional way of thinking about thisisthat people use these strategies as heuristics to suggest the right
generalization before they apply more rigorous mathematical methods to produce a genuine proof. This

issimilar to the distinction from Polya (1954) that we mentioned earlier (see, also, Thagard’s chapter on
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abduction in thisvolume). There might be a* context of discovery” in which such informal methods are
appropriate, and a “context of justification” where only proof-based methods such as (1Ax) and (UG)
apply. We were once given the advice that you should only try to prove a theorem when you were 95%
sureit wasright. This advice separates neatly the informal, confidence-based aspect of mathematics
fromitsformal, proof-based side. So does the usual classroom advice to experiment with different
valuesto find aformula before you try to prove it with (I1AX).

But whatever validity the discovery/justification division has in mathematics, it is clear that
students do not always honor it. Even when asked to prove a proposition (so that justification is
required), students often produce what 100k to be instance-based strategies. We give some examples here
from experiments on college students and then try to draw some implications about the relation between

induction and deduction in math contexts.

Algebra
Asking college student to prove simple propositions in number theory often results in “proof by
multiple examples,” such as the following one (Eliaser, 2000):
Show that every odd multiple of 5 when squared is not divisible by 2.
Proof:
Odd multiples of 5: 5, 15, 25...
52 = 25 — not divisible by 2.
157 = 225 — not divisible by 2.
Therefore shown.
In the experiment from which we took this excerpt, Northwestern University undergraduates had to prove
agroup of simple statements, half of which had a universal form, like the one above, requiring an

algebraic proof. Although nearly al these students were able to use algebra (as they demonstrated in a
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post test), only 41% initially employed it in proving universal propositions. Instead, 33% used multiple
examples (asin the sample “proof”) and 17% used single examples.

Of course, students may not always see the right proof strategy immediately and may fall back on
examplesinstead. For instance, the students may not remember or may not know how to set up a
problem that requires representing the parity of anumber (i.e., that all even numbers have the form 2x
and all odds ones 2x + 1). But this doesn’'t seem to be the whole story behind the students’ dismal
performance. In asecond study, Eliaser (2000) gave potential proofs to a new group of undergraduates
and asked them to rate the quality of the proof on afour-point scale from “shows no support” to
“completely proves.” The “proofs’ included single-example, multiple-example, and algebraic versions.
But despite the fact that students didn’t have to produce their own proofs and only had to evaluate the
proofs of others, they nevertheless rated multiple-example pseudo-proofs higher than either single-
example or (correct) algebraic proofs, for universal claims, such as the one about odd multiples of 5.

Depressing performance of asimilar kind comes from a study of students who were training to be
elementary math teachers (Martin & Harel, 1989). These students rated proofs and pseudo-proofs for
two number-theoretic statements (e.g., If a divides b and b divides c, then a divides c). The pseudo-
proofsincluded atypical example (e.g., “12 divides 36, 36 divides 360, 12 divides 360") and an example
with abig, random-looking number:

Let’s pick any three numbers, taking care that the first divides the second, and

the second divides the third: 49 divides 98, and 98 divides 1176. Does 49 divide 1176?

(Computation shown to left.) The answer isyes.

The pseudo-proofs aso included an instantiation of the more general, correct proof:
Take 4, 8, and 24. 4 divides 8, which means that there must exist a number, in
this case 2, such that 2 x 4 = 8. 8 divides 24, which means there must exist a number, in

this case 3, such that 3 x 8 = 24. Now substitute for 8 in the previous equation, and we
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get 3x (2x 4) =24. Sowe found a number (3 x 2), such that (3x 2) x 4 = 24.

Therefore, 4 divides 24.
Students rated these pseudo-proofs, along with other pseudo- and correct proofs on a scale from 1 (not
considered a proof) to 4 (a mathematical proof). If we take arating of 4 to be an endorsement of the
argument as a proof, then 28% endorsed the correct proof, 22% the instantiated pseudo-proof, 39% the

specific example, and 38% the big random-looking example.

Geometry

Students’ use of example-based proof strategiesisn’t limited to algebra. It's acommon
classroom warning in high school geometry that students shouldn’t draw general conclusions from the
specific cases that they see in the diagrams accompanying a problem. Diagrams represent one way in
which the givens of a problem could be true, not all possible ways. Despite these warnings, students do

generate answers to test questions based on single diagrams.

Evidence on this point comes from a study by Koedinger and Anderson (1991). This study
presented students with yes/no questions about geometric relationships, accompanied by one of two
diagrams. For example, one problem asked, “If Z/BCD = ZACD, must AB L CD ?’ Thetwo possible
diagrams for this problem appear as Figures 1laand 1b. For half the problems the correct answer was
“yes,” asinthisexample. The remaining problems had “no” asthe correct answer, for instance, “If AC
= CB ,must AB L CD ?’ Thetwo possible diagrams for this problem are Figures 1c and 1d. For each
of these two problems, the given information and the conclusion were true of one diagram (Figures 1a
and 1c) and were false of the other (Figures 1b and 1d). Individual participants saw only one of the

possible diagrams per problem.

Please insert Figure 1 about here.
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The results showed that students were usually able to get the right answer: They were correct on
about 68% of trials. For problems where the correct answer was “yes’ (so that a proof was possible), the
students performed more accurately when the corresponding proof was easy than when it was difficult,
suggesting that they were attempting such a proof. Nevertheless, they tended to be swayed by the
diagrams. They made more “yes’ responsesin al conditions when the diagram pictured the given
information and the conclusion (as in Figures 1a and 1c) than when it didn’t (Figures 1b and 1d).
Koedinger and Anderson take this pattern of results to mean that the students were attempting to find a
proof, but were using the diagram as a backup inductive strategy if no proof was forthcoming (a
“modified misinterpreted necessity model” in the jargon of reasoning research; see Evans, Newstead, &
Byrne, 1993).

Further evidence that students rely on diagrams for inductive support comes from one of our own
studies of non-Euclidean geometry. In this experiment, we gave participants a short introduction to
hyperbolic geometry, which differs from Euclidean geometry by the following hyperbolic axiom: For
any given line £ and point p not on £, there are multiple lines through p parallel to £. The participants
then solved a number of problemsin the new geometry while thinking aloud. Figure 2 illustrates one
such problem. To avoid confusing participants about the meaning of parallel, we substituted the
nonsense term cordian, which we defined according to the hyperbolic axiom. For the problemin
Figure 2, wetold participants that lines £ and m are cordian, that /BAC and ZBDC were 90° angles, and

asked them to decide whether triangle ABC was congruent to triangle DCB.?

Please insert Figure 2 about here.

Diagrams for non-Euclidean problems are apt to be misleading. Although there are several
conventions for drawing such diagrams (such as the one adopted in Figure 2; see Greenberg, 1993), they

can neverthel ess suggest Euclidean relationships that don’'t hold in the non-Euclidean domain.
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Participants quickly recognize this difficulty, but they still fall back on the appearance of adiagram. The
following transcript is from a participant working on the problem in Figure 2:

Must be true, ABC is congruent to DCB. If ZBAC is 90, must they be congruent? It

does not mention aline will diverge, so how can | judge how far apart these lines will be

at any given point, since they’re curving? Angle ABD is split, maybe in half, if you

dissect it, it appears as though it’ s dissected... | have no information about the angles

ACD or ABD. | must assume that there can be less than 360° [in a quadrilateral]. That

the angle B could be equal to angle C. Angle B equals angle ACD. Therefore, if those

angles are equal, and the line joining them is drawn, angle ABC is equal to angle DBC.

Okay. Thedotted linewill belineq. Line segment g bisectsangle ABD.... Angle,

angle, angle...theorem states that ABD is congruent with—ABC is congruent with DCB.

Must betrue? Yes.
Although this participant seemsinitially unsure of the angle relationships, he or sheis gradually seduced

by the appearance that Z/ABD and £ACD are equal and that the dashed line bisects both these angles.

Implications

These examples show that people sometimes use inductive strategies where deductive methods
are necessary. More surprisingly, people sometimes evaluate the inductive methods more favorably than
the correct deductive ones. We can explain thefirst of these findings on the assumption that people
resort to inductive methods when they run out of deductive ones—either because no proof is possible or
because they can’'t find one—as Koedinger and Anderson (1991) propose. But the evaluation results
make it likely that thisisn’'t the whole story. Why do people find inductive pseudo-proofs better than

true proofs when they’re able to assess them directly?
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The answer may lie in the relative complexity of the true proofs versus the inductive lures.
Examples are likely to be easier to understand than proofs, especially if the proofs are lengthy. Similarly,
there' s adifference in concreteness between proofs with individual numbers and those with arbitrary
names (i.e., mathematical variables) in algebra. Geometry diagrams also have a concreteness advantage
over the proofs that refer to them. Even among correct deductive proofs, we evaluate the simpler, more
elegant ones as superior to their more complex competitors, and it is possible that students' incorrect
evaluations are a more extreme version of the same tendency.

Explanations along these lines do no harm to the thesis that deductive and inductive reasoning
make use of qualitatively different mechanisms. These explanations take the induction/deduction
difference for granted and account for students’ errors on the basis of factors, such as complexity or
abstractness, that swamp deductive methods or make them seem less attractive. We know of no
experimental results that can eliminate these explanations. But it’s also interesting to consider the
possibility of a more continuous gradient between inductive and deductive strategies. One proposal
along these lines might be based on the idea that people search for increasingly nonobvious
counterexamples to an argument or theorem. If they are unable to find any counterexamples, either
because there are none or because the individuals can no longer hold enough examplesin working
memory, they declare the argument valid. In the case of algebra, we can imagine students first choosing
a specific number that the problem suggests and that meets the theorem’s givens. For example, in the
problem mentioned earlier of showing that the squares of odd multiples of 5 are not divisible by 2, the
participant began by verifying that 5 is not divisible by 2. If the first instance does not yield a
counterexample, the students try another (e.g., (3*5)%) until they either discover a counterexample or run
out of working-memory resources. In the case of geometry, students might first verify that the
conclusion istrue of the diagram that appears with the problem. They may then consider new diagrams

of their own in the same search for counterexamples.
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In the present context, one difficulty with this line of thinking, however, isthat it doesn’t account
for Koedinger and Anderson’s (1991) evidence that students also attempt to apply a separate deductive
strategy and resort to diagrams only when the first strategy fails. The counterexample hypothesis
predicts instead that students should begin by considering the given diagram, look for other diagrams that
might falsify the conclusion, and end by accepting the theorem as valid if it correctly appliesto all the
diagrams they have examined. In addition, thereis atheoretical problem. In the case of a universal
proposition—such as the sum formulathat appliesto all natural numbers—there' s no endpoint at which
you can stop and be sure that no counterexamples will be found. There will always be additional
numbers that have features other than the ones you’ ve so far considered. Rather than provide a
continuum between inductive and deductive reasoning, this strategy never provides more than weak
inductive support. Of course, the fact that a pure counterexample strategy is inadequate as an
explanation of the data doesn’t mean that there aren’t other methods intermediate between induction and
deduction that may be more reasonable. But we know of no convincing cases of this type.

Another way to put this point isto say that there is no number or diagram that is“completely
arbitrary” in away that could prove auniversal proposition. “Each number has its own peculiarities. To
what extent a given particular number can represent all others, and at what point its own special character
comes into play, cannot be laid down generally in advance” (Frege, 1884/1974, p. 20). The sort of
arbitrariness that does prove such a proposition—and that (UG) demands—is a matter of abstractness,
not randomness or atypicality. Arbitrarinessin the latter sense drives you to more obscure cases as
potential counterexamples. But the sort of arbitrariness that is relevant to proving a universal proposition

pullsin the opposite direction of inclusiveness—an instance that could potentially be any humber.
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Summary and Conclusion

We now have a more complicated answer to give to our colleague. Our original response was
that mathematical induction is a deductive technique with a confusing name. When people use math
induction to prove a theorem, they aren’t using induction and they aren’'t sacrificing deductive validity;
the theorem is still necessarily true, just as with other standard proof techniques. Although thereis
debate about the role of probabilistic proofs in mathematics (see Fallis, 1997)—methods that truly are
inductive—math induction isn’t such a method.

But while we still think thisis correct, math induction does loosely resemble empirical induction.
From aformal point of view, there is atension between math induction and the usual constraint that
proofs be finite. Math induction seemsto rely on an infinite process of iterating through the natural
numbers—the modus ponens strategy that we discussed earlier. From a psychological point of view, of
course, no such infinite processis remotely possible. It’'sthis gap that creates the similarity with
empirical induction, since in both cases the conclusion of the argument seems beyond what the premises
afford. Aninduction axiom like (IAx) makes up for this gap in formal contexts, but why is math
induction a deductively correct proof tool if it can’t be backed up by the infinite iteration it seems to
require?

We' ve argued elsewhere (Rips, Bloomfield, & Asmuth, 2005) that math induction is central to
knowledge of mathematics: It seems unlikely that people could have correct concepts of number and
other key math objects without a grip on induction. Basic rules of arithmetic, such as the associative and
commutative laws of addition and multiplication, are naturally proved via math induction. If thisisright,
thenit’sacrucia issue how people cometo termswith it. We' ve tried to argue here that the anal ogy
we' ve just noted—enumeration : conclusion by empirical induction :: modus ponens strategy :
conclusion by math induction—is misleading. Math induction doesn’t get its backing from the modus

ponens strategy. Rather the modus ponens strategy plays at most a propaedeutic role, revealing an
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abstract property of the natural number system that is responsible for the correctness of math induction.
Itisstill possible, of course, that math induction picks up quasi-inductive support from its fruitfulnessin
proving further theorems, but in this respect it doesn’t differ from any other math axiom.

Although we think that math induction doesn’t threaten the distinction between deductive and
inductive reasoning, there is arelated issue about generalization in math that might. Math proofs often
proceed by selecting an “arbitrary instance” from a domain, showing that some property istrue of this
instance, and then generalizing to all the domain’s members. For this universal generalization to work,
the instance in question must be an abstraction or stand-in (an “arbitrary name” or variable) for all
relevant individuals, and there is no real concern that such a strategy is not properly deductive. However,
there's psychological evidence that students don’t always recognize the difference between such an
abstraction and an arbitrarily selected exemplar. Sometimes, in fact, students use exemplarsin their
proofs (and evaluate positively proofs that contain exemplars) that don’t even look arbitrary but are
simply convenient, perhaps because the exemplars lend themselves to concrete arguments that are easy to
understand. In these cases, students are using an inductive strategy, since the exemplar can at most
increase their confidence in the to-be-proved proposition.

It's no news, of course, that people make mistakesin math. Andit’'s also no news that ordinary
induction has arole to play in math, especially in the context of discovery. The question here is whether
these inductive intrusions provide evidence that the deduction/induction split is psychologically
untenable. Does the use of arbitrary and not-so-arbitrary instances show that people have a single type of
reasoning mechanism that delivers conclusions that are quantitatively stronger or weaker, but not
qualitatively inductive versus deductive? We've considered one way in which this might be the case.
Perhaps people look for counterexamples, continuing their search through increasingly arbitrary (i.e.,
haphazard or atypical) cases until they’ ve found such a counterexample or have run out of steam. The

longer the search, the more secure the conclusion. We' ve seen, however, that this procedure doesn’t
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extend to deductively valid proofs; no matter how obscure the instance, it will till have an infinite
number of properties that prohibit you from generalizing fromiit. It is possible to contend that this
procedure is nevertheless all that people have at their disposal—that they can never ascend from their
search for examples and counterexamples to a deductively adequate method. But although the evidence
on proof evaluation paints afairly bleak picture of students’ ability to recognize genuine math proofs, the

existence of such proofs shows they are not completely out of reach.
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Footnotes

1. This paper was written while the first author was a Fulbright fellow at the Catholic University
of Leuven, Belgium. We thank the Fulbright Foundation and the University for their support. We aso
thank Stella Christie, Mike Oaksford, Claes Strannegard, and the editors of this volume for comments
and discussion of an earlier draft. Please send correspondence about this paper to Lance Rips,
Psychology Department, Northwestern University, 2029 Sheridan Road, Evanston, IL 60208. Email:

rips@northwestern.edu.

2. Use of math induction as a proof technique was, of course, well-established before the
introduction of (IAx) asaformal axiom. Medieval Arabic and Hebrew sources use implicit versions of
math induction to prove theorems for finite series and for combinations and permutations (Grattan-
Guinness, 1997). According to Kline (1972, p. 272), “the method was recognized explicitly by
Maurolycus in his Arithmetica of 1575 and was used by him to prove, for example, that 1+ 3+5+ ... +
(2n-1)=n?"

3. If the two triangles ABC and DCB are congruent, corresponding angles of these triangles
must also be congruent. In Figure 2, /BAC and £CDB are given as congruent, but what about the pair
«/DCB and ZABC and the pair ZBCA and ZCBD? In Euclidean geometry, the congruence of each of
these pairs follows from the fact that alternate interior angles formed by a transversal and two parallel
lines are congruent. In hyperbolic geometry, however, the alternate interior angles formed by a
transversal and two parallel (“cordian™) lines are not congruent. For example, in Figure 2, ZABC and
ZDCB are both the alternate interior angles formed by the cut of transversal BC across paralel lines ¢
and m. But because these corresponding angles cannot be proved congruent, neither can the two

triangles.
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Figures
Figure 1. Stimulus problemsfrom a study of geometry problem solving (adapted from Koedinger &
Anderson, 1991, Figure 2).

Figure 2. Stimulus problem for a study of non-Euclidean geometry.



a.

If /BCD =/ACD,
must AB. CD?

b.

If /BCD =/ACD,
must AB. CD?

If AC =CB,
must AB. CD?

d.

If AC =CB,
must AB. CD?




Given: Line( cordian [parallel] to linem.

ZBAC and ZBDC are 90° angles.

Must the following be true?

Triangle ABC is congruent to triangle DCB.





<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


